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In this paper we construct a path integral formulation of quantum mechanics on noncom-
mutative phase-space. We first map the system to an equivalent system on the noncom-
mutative plane. Then by applying the formalism of representing a quantum system in the
space of Hilbert-Schmidt operators acting on noncommutative configuration space, the
path integral action of a particle is derived. It is observed that the action has a similar
form to that of a particle in a magnetic field in the noncommutative plane. From this
action the energy spectrum is obtained for the free particle and the harmonic oscillator
potential. We also show that the nonlocal nature (in time) of the action yields a sec-
ond class constrained system from which the noncommutative Heisenberg algebra can be
recovered.
Physics on noncommutative (NC) spacetime has attracted a lot of interest in recent
times. This idea, which was introduced originally by Snyder [1] to regulate the divergences
arising in quantum field theories, came up from the analysis of matrix models in string
theory [2]. Subsequently, lot of activities took place in quantum mechanics on NC space
[3]-[20] and quantum field theories on such space [21]-[27].
Attention has also been paid recently to the formal and interpretational aspects of NC
quantum mechanics [28]. This played a key role in developing the path integral formalism
of NC quantum mechanics [29] using coherent states. Despite this development, an open
question which remained was the derivation of the action in noncommutative phase-space
(NCPS).
In this paper, we obtain the path integral action for a particle in an arbitrary potential
in NCPS. To do so we first map the system to an equivalent system on the NC space.
Then by using the formalism in [28], where a quantum system can be represented in the
space of Hilbert-Schmidt operators, we obtain the path integral action. Interestingly, the
action is nonlocal in time and has a similar form to the action for a particle in an external
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magnetic field on the NC plane. We then obtain the equation of motion for the particle
and compute the ground state energy of the particle for two different cases, namely, the
free particle and in the presence of a harmonic oscillator potential. We further show that
the nonlocality in time of the action leads to a second class constrained system which
upon quantization yields the NC Heisenberg algebra.
We start with the following NCPS algebra
[xˆi, xˆj] = iθǫij , [xˆi, pˆj ] = i˜¯hδij , [pˆi, pˆj] = iθ¯ǫij ; (i, j = 1, 2) (1)
where θ and θ¯ are the spatial and momentum NC parameters and ˜¯h = h¯(1 + θθ¯
4h¯2
) is the
effective Planck’s constant. The Hamiltonian for a particle in the presence of an arbitrary
potential V (xˆ, yˆ) on NCPS reads
Hˆ =
2∑
i=1
pˆ2i
2m
+ V (xˆ, yˆ) . (2)
Clearly the formalism developed in [28] to study quantum systems on the NC plane cannot
be applied at this stage. Hence we map the NC momenta to their equivalent commutative
form using a set of transformations known as Bopp-shift defined as [30]
pˆi = pi +
1
2h¯
θ¯ijxj . (3)
xˆi = xi − 1
2h¯
θijpj . (4)
Note that the spatial coordinates that arise in mapping the NC momenta to their com-
mutative counterpart (using eq.(3)) in eq.(2) are commutative in nature and therefore
we use eq.(4) to map these commutative spatial variables to their equivalent NC form.
Following this prescription, the Hamiltonian (2) can be recast in the following form
Hˆ =
1
2m
[
a2(p2x + p
2
y) +
θ¯2
4h¯2
(xˆ2 + yˆ2)− aθ¯
h¯
(xˆpy − yˆpx)
]
+ V (xˆ, yˆ) (5)
where a =
(
1− θθ¯
4h¯2
)
. The above Hamiltonian involves coordinates and momenta which
satisfy the NC Heisenberg algebra
[xˆi, xˆj] = iθǫij , [xˆi, pˆj] = ih¯δij , [pˆi, pˆj] = 0 ; (i, j = 1, 2) . (6)
We are now in a position to apply the formalism of NC quantum mechanics [28].
To start with, we give a brief review of this formalism. The first step in this formalism
is to consider only the NC algebra between the coordinates xˆ, yˆ which is defined to be
the classical configuration space. Annihilation and creation operators are then defined
by bˆ = 1√
2θ
(xˆ + iyˆ), bˆ† = 1√
2θ
(xˆ − iyˆ) and satisfy the Fock algebra [bˆ, bˆ†] = 1. The NC
configuration space is then isomorphic to the boson Fock space
Hc = span{|n〉 = 1√
n!
(bˆ†)n|0〉}n=∞n=0 (7)
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where the span is taken over the field of complex numbers. The Hilbert space of the NC
quantum system is then introduced as
Hq = ψ(xˆ, yˆ) : ψ(xˆ, yˆ) ∈ B (Hc) ,
trc(ψ
†(xˆ, yˆ)ψ(xˆ, yˆ)) <∞ (8)
where trc denotes the trace over NC configuration space and B (Hc) the set of bounded
operators on Hc. This space has a natural inner product and norm
(φ(xˆ, yˆ), ψ(xˆ, yˆ)) = trc(φ(xˆ, xˆ)
†ψ(xˆ, yˆ)) (9)
and forms a Hilbert space [31]. A unitary representation of the NC Heisenberg algebra
in terms of operators Xˆ , Yˆ , Pˆx and Pˆy acting on the states of the quantum Hilbert space
(8) reads
Xˆψ(xˆ, yˆ) = xˆψ(xˆ, yˆ) , Yˆ ψ(xˆ, yˆ) = yˆψ(xˆ, yˆ) ,
Pˆxψ(xˆ, yˆ) =
h¯
θ
[yˆ, ψ(xˆ, yˆ)] , Pˆyψ(xˆ, yˆ) = − h¯
θ
[xˆ, ψ(xˆ, yˆ)] . (10)
The minimal uncertainty states on NC configuration space are well known to be the
normalized coherent states [32]
|z〉 = e−zz¯/2ezb† |0〉 (11)
where, z = 1√
2θ
(x+ iy) is a dimensionless complex number. Corresponding to these states
we can construct a state (operator) in quantum Hilbert space as follows
|z, z¯) = 1√
θ
|z〉〈z| . (12)
These states have the property
Bˆ|z, z¯) = z|z, z¯) ; Bˆ = 1√
2θ
(Xˆ + iYˆ ) . (13)
The ‘position’ representation of a state |ψ) = ψ(xˆ, yˆ) can be constructed as
(z, z¯|ψ) = 1√
θ
trc(|z〉〈z|ψ(xˆ, yˆ))
=
1√
θ
〈z|ψ(xˆ, yˆ)|z〉 . (14)
The wave-function of a “free particle” on the NC plane is given by [29]
(z, z¯|p) = 1√
2πh¯2
e−
θ
4h¯2
p¯pe
i
√
θ
2h¯2
(pz¯+p¯z)
(15)
where |p) are the normalised momentum eigenstates given by
|p) =
√
θ
2πh¯2
e
i
√
θ
2h¯2
(p¯b+pb†)
; Pˆi|p) = pi|p) (16)
px = Re p , py = Imp
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satisfying the completeness relation∫
d2p |p)(p| = 1Q . (17)
It is also a simple matter to prove that the completeness relations for the position eigen-
states |z, z¯) reads ∫
dzdz¯
π
|z, z¯) ⋆ (z, z¯| = 1Q (18)
where the star product between two functions f(z, z¯) and g(z, z¯) is defined as
f(z, z¯) ⋆ g(z, z¯) = f(z, z¯)e
←
∂z¯
→
∂zg(z, z¯) . (19)
One can therefore see that the position representation of the NC system maps quite
naturally to the Voros plane. With the above formalism in hand, we now proceed to
develop the path integral representation for the propagation kernel on the two dimensional
NC plane. Upto a constant factor this reads
(zf , tf |z0, t0) = lim
n→∞
∫ n∏
j=1
(dzjdz¯j) (zf , tf |zn, tn) ⋆n (zn, tn|....|z1, t1) ⋆1 (z1, t1|z0, t0) . (20)
With the Hamiltonian acting on the quantum Hilbert space
Hˆ =
1
2m

a2(P 2x + P 2y ) + θθ¯
2
2h¯2
B†B +
aθ¯
h¯
√
θ
2
{
i(B† − B)Px − (B +B†)Py
}
+
θθ¯2
4h¯2


+V (Xˆ, Yˆ ) (21)
we now compute the propagator over a small segment in the above path integral (20).
With the help of eq.(s) (17) and (15), we have
(zj+1, tj+1|zj , tj) = (zj+1|e− ih¯ Hˆτ |zj)
= (zj+1|1− i
h¯
Hˆτ +O(τ 2)|zj)
=
∫ +∞
−∞
d2pj e
− θ
2h¯2
p¯jpje
i
√
θ
2h¯2
[pj(z¯j+1−z¯j)+p¯j(zj+1−zj)]
×e− ih¯ τ [
a2p¯jpj
2m
+ θθ¯
2
4mh¯2
z¯j+1zj+
iaθ¯
2mh¯
√
θ
2
(pj z¯j+1−p¯jzj)+V (z¯j+1,zj)] +O(τ 2) .
(22)
Substituting the above expression in eq.(20) and computing the star products explicitly,
we obtain (apart from a constant factor)
(zf , tf |z0, t0) = lim
n→∞
∫ n∏
j=1
(dzjdz¯j)
n∏
j=0
d2pj
exp
n∑
j=0

 i
h¯
√
θ
2
{pj (z¯j+1 − z¯j) + p¯j (zj+1 − zj)}+ αpj p¯j
+
aτ θ¯
2mh¯2
√
θ
2
(z¯j+1pj − zj p¯j)− iτθθ¯
2
4mh¯3
z¯j+1zj − i
h¯
τV (z¯j+1, zj)


× exp

 θ
2h¯2
n−1∑
j=0
pj+1p¯j

 (23)
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where α = −
(
iτa2
2mh¯
+ θ
2h¯2
)
. Making the identification pn+1 = p0, a simple inspection shows
that the propagation kernel can be recast in the following convenient form
(zf , tf |z0, t0) = lim
n→∞
∫ n∏
j=1
(dzjdz¯j)
n∏
j=0
d2p˜j exp
(
−~∂zf ~∂z¯0
)
× exp

 n∑
j=0
[
¯˜pjAp˜j − BA−1C −
(
iτθθ¯2
4mh¯3
)
z¯j+1zj − i
h¯
τV (z¯j+1, zj)
]

(24)
where
A =
τ
h¯
(
− ia
2
2m
+
θ
2h¯
∂τ
)
(25)
B =
√
θ
2h¯2
(
i+
τaθ¯
2mh¯
)
z¯j+1 − i
√
θ
2h¯2
z¯j (26)
C = i
√
θ
2h¯2
zj+1 −
√
θ
2h¯2
(
i+
τaθ¯
2mh¯
)
zj. (27)
One can carry out the momentum integral easily to obtain
(zf , tf |z0, t0) = lim
n→∞N
∫ n∏
j=1
(dzjdz¯j) exp
(
−~∂zf ~∂z¯0
)
× exp
[(
imθ
τh¯a2
){
τ ˙¯zj − iτaθ¯
2mh¯
z¯j
}
×
(
1 +
imθ
h¯a2
∂τ
)−1 {
τ z¯j +
iτaθ¯
2mh¯
zj
}

× exp
[
−
(
iτθθ¯
4mh¯3
)
z¯jzj − i
h¯
τV (z¯jzj) +O(τ
2)
]
. (28)
In the above step we have used the fact that zj = z(jτ) and zj+1 − zj = τ z˙(jτ) +O(τ 2).
Taking the limit τ → 0, we finally arrive at the path integral representation of the
propagator
(zf , tf |z0, t0) = N exp
(
−~∂zf ~∂z¯0
) ∫ z(tf )=zf
z(t0)=z0
DzDz¯ exp( i
h¯
S) (29)
where S is the action given by
S =
∫ tf
t0
dt θ

m
a2
{
˙¯z(t)− iaθ¯
2mh¯
z¯(t)
}(
1 +
imθ
h¯a2
∂t
)−1 {
z˙(t) +
iaθ¯
2mh¯
z(t)
}
− θ¯
2
4mh¯2
z¯(t)z(t)− V (z¯(t), z(t))
]
.
(30)
The above action has a form similar to that of a particle in a magnetic field in the NC
plane [33], [34]. We now compute the ground state energy for the particle without any
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interaction and in the presence of a harmonic oscillator potential V = 1
2
mω2(Xˆ2 + Yˆ 2)
from the above path integral representation of the transition amplitude. For the free
particle, the above action reduces to the following form
S =
∫ tf
t0
dt θ

m
a2
{
˙¯z(t)− iaθ¯
2mh¯
z¯(t)
}(
1 +
imθ
h¯a2
∂t
)−1 {
z˙(t) +
iaθ¯
2mh¯
z(t)
}
− θ¯
2
4mh¯2
z¯(t)z(t)

 .(31)
The equation of motion following from the above action reads
z¨(t) +
iaθ¯
mh¯
(
1 +
aθθ¯
4h¯2
)
z˙(t) = 0 . (32)
Making an ansatz z(t) ∼ eiγt leads to the following ground state energy eigenvalues for
the particle
γ = − aθ¯
mh¯
(
1 +
aθθ¯
4h¯2
)
, 0 . (33)
This ground state energy, computed from the path integral formalism, matches with those
obtained by the canonical approach [33].
In the presence of a harmonic oscillator potential, the action takes the form
S =
∫ tf
t0
dt θ

m
a2
{
˙¯z(t)− iaθ¯
2mh¯
z¯(t)
}(
1 +
imθ
h¯a2
∂t
)−1 {
z˙(t) +
iaθ¯
2mh¯
z(t)
}
−
(
mω2 +
θ¯2
4mh¯2
)
z¯(t)z(t)
]
. (34)
The equation of motion following from the above action reads
z¨(t) + i
{
aθ¯
mh¯
(
1 +
aθθ¯
4h¯2
)
+
mω2a2θ
h¯
}
z˙(t) + ω2z(t) = 0 . (35)
Making a similar ansatz as in the free particle case leads to the following ground state
energy eigenvalues for the particle
γ =
1
2

−
{
mω2a2θ
h¯
+
aθ¯
mh¯
(
1 +
aθθ¯
4h¯2
)}
±
√√√√(mω2a2θ
h¯
+
aθ¯
mh¯
(
1 +
aθθ¯
4h¯2
))2
+ 4ω2

 .
(36)
In the θ¯ → 0 limit, the above expression yields the two frequencies for a particle in a
harmonic oscillator potential on the NC plane [29].
As a consistency check, we quantize this theory to see if we recover the NC Heisenberg
algebra. To do this we first introduce an auxiliary complex field φ and write the transition
amplitude as
(zf , tf |z0, t0) = N exp
(
−~∂zf ~∂z¯0
) ∫
DφDφ¯
∫ z(tf )=zf
z(t0)=z0
DzDz¯ exp( i
h¯
S) (37)
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where the action S is given by
S =
∫ tf
t0
dt
[
−φ¯
(
a2
mθ
+
i
h¯
∂t
)
φ+ φ
{
˙¯z(t)− iaθ¯
2mh¯
z¯(t)
}
+ φ¯
{
z˙(t) +
iaθ¯
2mh¯
z(t)
}
−θ
(
mω2 +
θ¯2
4mh¯2
)
z¯(t)z(t)
]
. (38)
It is evident from the form of the action that this is a constrained system with the following
second class constraints
χ1 = pφ1 +
1
h¯
φ2 ≈ 0 , χ2 = pφ2 − 1h¯φ1 ≈ 0 ,
χ3 = px −
√
2
θ
φ1 ≈ 0 , χ4 = py +
√
2
θ
φ2 ≈ 0 . (39)
Introducing the Dirac bracket and replacing {., .}DB → 1ih¯ [., .] yield the following NC
algebra
[xˆi, xˆj] = θǫij , [xˆi, pˆj] = ih¯δij , [pˆi, pˆj] = 0 ; (i, j = 1, 2). (40)
In summary, we have developed the path integral representation of the propagation kernel
for a particle in the presence of an arbitrary potential moving in the the noncommutative
phase-space using the formalism representing quantum system in the space of Hilbert-
Schmidt operators acting in the noncommutative configuration space. From this path
integral formulation, we have obtained the action for the particle and has a structure
similar to that of a particle in a magnetic field in the noncommutative plane. This is one
of the main results in our paper. The equation of motion of the particle is obtained from
this action and is used to compute the ground state energy of the particle in two different
cases, namely, that of a free particle and a harmonic oscillator. The results, obtained
here, are in conformity with the results obtained by other methods [33], [17]. We also
show that the nonlocality in time of the action leads to a second class constrained system
from which the noncommutative Heisenberg algebra can be recovered upon quantizing
the theory.
Acknowledgements
S.G. acknowledges the support by DST SERB under Start Up Research Grant (Young
Scientist), File No.YSS/2014/000180.
References
[1] H.S. Snyder, Phys. Rev. 71, 38.
[2] N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, J. High
Energy Phys. 9909 (1999) 032 [hep-th/9908142].
[3] C. Duval, P.A. Horvathy; Phys. Lett. B 479 (2000) 284; [hep-th/0002233].
[4] V. P. Nair and A. P. Polychronakos, Phys. Lett. B 505 (2001) 267.
7
[5] B. Morariu, A.P. Polychronakos, Nucl. Phys. B 610 (2001) 531; [hep-th/0102157].
[6] C. Duval, P.A. Horvathy; J. Phys. A: Math. Gen. 34 (2001) 10097; [hep-th/0106089].
[7] J. Gamboa, M. Loewe, J.C. Rojas, Phys. Rev. D 64 (2001) 067901; [hep-th/0010220],
[8] M. Chaichian, M.M. Sheikh-Jabbari, A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716;
[hep-th/0010175].
[9] H.R. Christiansen, F.A. Schaposnik, Phys. Rev. D 65 (2002) 086005;
[hep-th/0106181].
[10] P.M. Ho, H. C. Kho, Phys. Rev. Lett. 88 (2002) 151602.
[11] R. Banerjee, Mod. Phys. Lett. A 17 (2002) 631.
[12] A. Smailagic, E. Spallucci, J. Phys. A 36 (2003) 467; [hep-th/0307217].
[13] M. Chaichian, M.M. Sheikh-Jabbari, A. Tureanu, Eur. Phys. J. C 36 (2004) 251;
[hep-th/0212259].
[14] J. Lukierski, P.C. Stichel, W.J. Zakrzewski, Ann. Physics 306 (2003) 78;
[hep-th/0207149].
[15] B. Chakraborty, S. Gangopadhyay, A. Saha, Phys. Rev. D 70 (2004) 107707;
[hep-th/0312292].
[16] F.G. Scholtz, B. Chakraborty, S. Gangopadhyay, A.G. Hazra, Phys. Rev. D 71 (2005)
085005; [hep-th/0502143].
[17] S. Gangopadhyay, A. Saha, A. Halder; Phys. Lett. A 379(2015)29562961.
[18] F.G. Scholtz, B. Chakraborty, S. Gangopadhyay, J. Govaerts, J. Phys. A 38 (2005)
9849; [cond-mat/0509331].
[19] A. Halder, S. Gangopadhyay; Mod. Phys. Lett. A 14 (2014) 1650087.
[20] R. Banerjee, S. Gangopadhyay, S. K. Modak, Phys. Lett. B 686 (2010) 181.
[21] R.J. Szabo, Phys. Rept. 378 (2003) 207; [hep-th/0109162]. [hep-th/0106048].
[22] M. Chaichian, P. Presnajder, A. Tureanu, Phys. Rev. Lett. 94 (2005) 151602;
[hep-th/0409096].
[23] A.P. Balachandran, G. Mangano, A. Pinzul, S. Vaidya, Int. J. Mod. Phys. A. 21
(2006) 3111; [hep-th/0508002].
[24] B. Chakraborty, S. Gangopadhyay, A.G. Hazra, F.G. Scholtz, J.Phys. A39 (2006)
9557; [hep-th/0601121].
[25] A.H. Chamseddine, A. Connes, Phys. Rev. Lett 77 (1996) 4868.
[26] A.H. Chamseddine, A. Connes, Commun. Math. Phys. 186 (1997) 731;
[hep-th/9606001].
8
[27] S.M. Carroll, J.A. Harvey, V.A. Kostelecky´, C.D. Lane, T. Okamoto, Phys. Rev.
Lett. 87 (2001) 141601.
[28] F.G. Scholtz, L. Gouba, A. Hafver, C.M. Rohwer, J. Phys. A 42 (2009) 175303;
arXiv:0812.2803 [math-ph].
[29] S. Gangopadhyay, F. G. Scholtz, Phys. Rev. Lett. 102 (2009) 241602.
[30] L. Mezincescu, “Star operation in quantum mechanics”, [hep-th/0007046].
[31] A.S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory(North-Holland
Publishing Company, Amsterdam, 1982) p79.
[32] J.R. Klauder, B. Skagerstam, Coherent states : Applications in Physics and Mathe-
matical Physics (World Scientific, Singapore, 1985).
[33] S. Gangopadhyay, F.G. Scholtz, J. Phys. A 47 (2014) 075301; arXiv:1309.3144 [hep-
th].
[34] S. Gangopadhyay, F.G. Scholtz, J. Phys. A 47 (2014) 235301; arXiv:1402.6156 [hep-
th].
9
